Abstract-In this paper, we experimentally and numerically study the dynamics of semiconductor ring lasers that are subjected to long delay and moderate self-feedback. Through varying the pump current or the feedback strength or both, we study the appearance and parameter dependence of low frequency fluctuations in these systems. In particular, we observe different routes to the building up of the initial power amplitude.
I. INTRODUCTION

S
EMICONDUCTOR lasers subject to external feedback are known to exhibit a wide variety of dynamical regimes desired for some applications such as chaos cryptography [1] - [3] , random bit generation [4] , [5] and reservoir computing [6] . Out of those, chaotic intensity fluctuations, coherence collapse (CC) [7] , [8] and low-frequency fluctuations (LFF) [9] , [10] are the most frequently encountered behaviors. The latter is characterized by a fast drop of the laser intensity [11] , [12] followed by a gradual recovery process. The duration of this recovery process is irregular and is of the order of hundred of nanoseconds. The average time between the dropouts is much larger than the laser system characteristic time-scales (the relaxation oscillation and the external cavity round-trip time). Typically LLFs are unwanted because they may disrupt the proper working of the device. Thus several works have been devoted to this phenomenon, mainly to understand in which conditions it emerges in order to efficiently avoid it [9] , [13] .
The physical interpretation of the LFF regime was under a strong debate for over a decade. Mork et al. suggested that the LFFs arise due to the bistability of the external cavity modes, i.e. bistability between the maximum gain mode and a lower intensity state [10] , [14] . Sacher et al. demonstrated that the LFFs take place on a chaotic attractor [15] . Importantly, the main origin of the dropouts for a single-mode semiconductor laser was first described by Sano et al. [16] in the context of the Lang-Kobayashi equations [17] . According to this interpretation, the LFF regime is shown to be a deterministic chaotic itinerancy process towards the external cavity mode with the largest gain, in which the dropout is caused by the crises between the antimodes and the local chaotic attractor [16] . Even though this model is sufficient to reproduce the LFF process, the precise laser operations observed experimentally may sometimes require an extended model with the inclusion of additional longitudinal modes and spontaneous emission noise. In particular, it has been shown that spontaneous-emission can induce dropouts in the laser output [18] , [19] . So far, the LFF regime has been observed in different types of semiconductor lasers, e.g. in edge-emitting lasers [9] , [10] , [12] , [14] , [20] , [21] , VCSELs [22] , [23] and multimode semiconductor diode lasers with frequency selective feedback [24] . For some lasers, it has been found that LFFs can even coexist with other regimes such as stable oscillations [25] , [26] . For the exact dynamical operation within the LFF regime, it is known that the feedback strength, the pump current and the external cavity length play an important role in the emergence of LFFs [26] . At this point, we note that LFFs typically appear close to the threshold current of the laser, but can also emerge well above threshold. By way of illustration, in Ref. [27] sporadic power discontinuities manifesting through power spikes above the threshold have been observed far away from the threshold. For an increasing pump current, the LFF regime evolves into the fully developed coherence collapse regime.
Semiconductor ring lasers (SRLs) are currently the focus of a rapidly thriving research activity due to their unique feature of directional bistability [28] , [29] , which opens up the possibility of using them in systems for all-optical switching, gating, wavelength-conversion functions, and optical memories [30] - [35] . SRLs do not require cleaved facets or gratings for optical feedback and are thus particularly suited for a monolithic integration [36] . Moreover, SRLs have been recognized to be ideal optical prototypes of nonlinear Z2-symmetric systems [37] exhibiting in the solitary case, multistable [38] and excitable behavior [39] . When SRLs are perturbed by optical injection from another laser, the symmetry of their phase space leads to a novel route to chaos [40] . In the case of SRLs with delayed optical feedback, it has been shown that their ability to lase simultaneously in two directional modes facilitates the generation of chaotic signals with timedelay concealment both in the intensity and the phase [41] , the generation of square wave oscillations [42] or random bits generation using bitwise Exclusive-OR operations [43] .
Thus from a fundamental perspective, it is of great interest to investigate under which conditions, dynamical regimes, such as LFF, may occur in order to control chaotic behavior by laser parameter tuning. In this paper we experimentally and numerically address this issue considering a SRL in a feedback configuration where only one directional mode is re-injected into the same directional mode. The results show that the LFF power drop-outs can be observed for a large range of parameters including those for which the laser operates far above the lasing threshold. We also find the coexistence of two recovery processes, i.e stepwise recovery and recovery accompanied by a train of pulses. The paper is structured as follows. In Section 2 we describe the experimental setup. The qualitatively different dynamical regimes that can be observed in the device are presented in Section 3. We give an overview of the dynamics of this phenomenon and characterize the power drop-outs by presenting experimental time series. We analyze the recovery process for the power dropouts in detail. In Section 4 we present numerical modeling of LFF in SRLs based on rateequations with delayed optical feedback. Finally, a summary and conclusions are given in Section 5.
II. EXPERIMENTAL SETUP
The experiments are performed on an AlGaInAs/InP-based multi-quantum-well semiconductor ring laser (SRL) with a racetrack geometry that has been fabricated at Glasgow University. The racetrack-shaped ring cavity has two semicircular sections with 200 μm radius and two 75 μm straight sections. The cavity's free-spectral-range is measured to be 53.6 GHz. The device is a monolithically integrated four-port SRL, where two access waveguides are coupled to the ring cavity by forming directional couplers with the straight sections, providing about 30% coupling ratio. The access waveguides form a 10 • angle with the cleaved bar facets to minimize back-reflection. The SRL operates in a single-transverse, single-longitudinal mode at λ = 1560 nm when no feedback is applied. A schematic representation of the measurement setup with such a SRL is shown in Fig. 1 . The geometry of the ring cavity supports two directional modes: a clockwise (CW) and a counterclockwise (CCW) propagating mode. Directional couplers allow to couple out parts of the light from the ring in the output waveguides. As shown in Fig. 1 , there are four ports (A, B, C, and D) at the facets of the chip that serve as SRL inputs or outputs. Lensed optical fibers can be aligned to these ports. The device is mounted on a copper chuck and thermally controlled by a Peltier element to the temperature T chip with an accuracy of 0.01 • C. In Fig. 2 we plot the optical power measured in the CW and CCW directions as a function of the SRL pumping current when no feedback is applied. The SRL has a threshold current of 47 mA. Above and close to the threshold, the SRL resides in the bidirectional regime where it emits both directional modes up to about 75 mA. Above 75 mA, one mode takes over the other and therefore, the laser emits a unidirectional mode.
The feedback loop is implemented using lensed fibers connected to ports C and D. The round trip time of the external cavity is given by τ = nL/c, where L is the length of the external cavity, c is the speed of light and n = 1.5 is the refractive index for the optical fibers used in the feedback loop. Here L is 12 m, yielding the delay time τ ≈ 60 ns. A semiconductor optical amplifier (SOA) is placed in the feedback loop to control the feedback strength by changing the current in the SOA. In all of the experiments, the saturation power of the SOA (model Thorlabs SOA1117S) is larger than the input signal from the SRL that is amplified, such that the SOA is always operated in its linear gain regime. The SOA gain depends on its pump current. For a SOA current of 0 mA, the SOA is strongly absorbing. For SOA currents between 200 mA and 600 mA, the SOA gain increases approximately linearly from 7.5 dB to 20 dB. Above 600 mA the gain of the SOA starts to saturate. The SOA will also generate amplified spontaneous emission (ASE) noise that is injected in both directions. The ASE power is 34 μW at 200 mA and increases to 1.3 mW at a SOA current of 600 mA. This is much higher than the power emitted from the SRL, but this ASE power is emitted at all wavelengths ranging from 1520 nm to 1580 nm. Therefore, only a small amount of the ASE power is injected in the SRL's lasing mode, which we neglect in our analysis. The fiber-based splitter is used in the setup to read out the CW mode by detecting it with a fast photodiode with bandwidth of 2.4 GHz connected to a realtime oscilloscope with bandwidth of 4 GHz. The fiber coupled output of the SOA is connected to port 1 of a circulator. The circulator transmits light from port 1 to port 2, which in its turn is connected to port D of the SRL chip via a lensed optical fiber. Hence the CW directional mode of the SRL taken from port C of the chip is re-injected in port D, i.e. in CW direction (single self-feedback). On the contrary, the CCW mode coupled out from port D, is removed from the feedback loop by the circulator (ports 2-3) and used for characterization purposes. Light from port 3 of the circulator is detected by a fast photodiode connected to an oscilloscope. In order to avoid optical feedback from the facets of the chip the output waveguides are tilted by 10 • with respect to the chip facets. Therefore, to increase the output power and couple the light of the chip efficiently, the fibers are angled at 32 • with respect to the facet's normal. Moreover, an independent bias current I W G on the output waveguide of port D is provided in order to amplify the light traveling through this waveguide.
III. EXPERIMENTAL RESULTS
To begin with, we set the SRL injection current to 92 mA and the current on the SOA to 700 mA. We simultaneously detect the CW and CCW directional mode outputs using ACphotodiodes with a bandwidth of 2.4 GHz. the dynamical evolution of the system for both modes. This figure shows the typical slow drop-out and recovery behavior of LFF. The dynamics of semiconductor lasers with delayed feedback is characterized by high frequency pulsations in the picoseconds range. In fact the majority of the energy will be concentrated in the high frequency components of the system. In our experiments [such as in Figure 3 (a)], we cannot observe these pulses due to the limited bandwidth of the measuring equipment. Nevertheless, this cut-off frequency at 2.4 GHz already allows to identify the slow time LFF phenomenon but with still some significant high-frequency oscillations superimposed. The bandwidth corresponding to the LFF behavior was determined from RF spectra showing an increase below 5 MHz corresponding to this slow timescale dynamics. In this paper, it is our intention to characterize only the low frequency events in detail. Also, a large contribution to the signal at higher frequencies is due to the noise of the oscilloscope and detector, which we want to remove. For these reasons, we have decided to filter out the high frequency part of the signal. The used filter is a second order lowpass Butterworth filter with a bandwidth of 125 MHz. This bandwidth is high enough, such that the LFFs slow time scale fluctuations are not strongly influenced by the filter.
Since the feedback is implemented in only one directional mode, the CW mode shows typical LFF dynamics characterized by power dropouts. The intensity does not drop to zero during the so-called dropout events. Even if we remove the 125 MHz bandwidth filter, the drop out does not reach the zero level because of the 2.4 Ghz bandwidth of the detector. Interestingly, we also observe power spikes in the CCW mode. As can be seen, the power fluctuations in the CW and CCW modes are anti-correlated, i.e. a dropout in the CW direction coincides with a spike in the CCW direction. This out-ofphase dynamics originates from the coupling between the directional modes via the carrier reservoir, which is shared by the two directional modes as in VCSELs [23] . The time between consecutive dropouts is not a constant, and varies between 0.6 μs and 1.4 μs, corresponding to 10-20 times the delay time τ .
In the literature, the LFF recovery process has been often denoted as stepwise (see e.g., Ref. [44] ) and characterized by taking an average over several LFF events. Figure 4 shows an enlargement of Fig. 3 (b) . In our experiment, two qualitatively different recovery processes can be distinguished after the laser intensity's sudden dropouts. In some instances, the build-up is done by a stepwise recovery. Here the average intensity is roughly locked to a certain level during each step. The time duration of each step in the power recovery is equal to the external cavity round-trip time. In other instances, the recovery is accompanied by a train of short pulses. The time between the pulses is equal to the external cavity round-trip time. The pulse amplitude decreases from pulse to pulse until the initial state is restored. The width of the pulses is on average 20 ns, but is not constant. The first pulse during the recovery has the largest amplitude and the smallest width. Subsequent pulses have a larger width while the amplitude lowers. We have noticed that the kind of recovery process is randomly varying from pulse to pulse. To the best of our knowledge, pulse and stepwise have not been distinguished as two distinct recovery processes. However, like LFFs not being specific to SRLs, we expect these recovery processes to appear also in VCSELs and edge-emitting lasers for similar feedback conditions as the ones studied here. Specifically, we expect these two different recovery processes to occur in feedback configurations with a rather long delay time. The physical mechanisms causing these recovery processes are not fully understood yet. Realtime spectroscopy techniques might help in elucidating their origin [45] .
IV. PARAMETER DEPENDENCE
As already pointed out in the introduction, the LFF cycles depend on the pump current and the feedback strength. In our experiments, we first set the injection current constant at 90 mA. Then by varying the current in the SOA, we plot in Fig. 5 several time series of the CW directional mode. For I S O A = 0 in Fig. 5(a) , the laser resides in the uni-directional emission regime and most of the power is emitted in the CCW mode. Hence, the power in the CW mode is low.
By increasing I S O A to 300 mA the laser shows a behavior characterized by alternate emission of constant and stable output in the CCW directional mode (low power in Fig. 5 ) and sudden random switches to the other directional mode [see 5(b) ]. This mode-hopping between the different dynamical regimes is irregular and seems to be noise driven as the residence time in each of the regimes follows an exponential distribution. When the SRL is emitting in the CCW mode, there is effectively no optical feedback and no feedback related dynamics is observed. However, after a mode-hopping event to the CW direction, the feedback loop is active and the output power is no longer stationary and short excursions to the CCW mode can be observed, some of which are reminiscent of a LFF cycle.
By further increasing I S O A to 400 mA the system shows LFFs events [see Fig. 5(c) ]. We further increase the SOA current and observe that the dropout events become less frequent: the average time between LFF events ranges from 0.4 μs in Fig. 5 (c) to 1.0 μs in Fig. 5(e) .
To investigate the effect of the pump current, we keep the SOA current at 350 mA and plot, in Fig. 6 , the time traces for various values of the pump current. We first set the injection current close to laser threshold and observe LFFs as in other lasers [9] , [10] , [12] , [14] , [20] - [23] . This regime is maintained as the injection current is increased far above the threshold. The average time between LFF events decreases with increasing injection current: it is 2.4 μs at an injection current of 58 mA and it decreases to 1.12 μs at an injection current of 90 mA, with I S O A = 350 mA for both cases. The standard deviation does not change significantly when changing the injection current: it is 0.05 μs at an injection current of 58 mA and 0.042 μs at an injection current of 90 mA, [see the corresponding spikes of the CCW mode in Fig. 6(a)-(d) ]. The intensity spikes in the CCW direction also become larger for higher pumping current. Because the optical output power increases with injection current.
V. MODEL AND SIMULATIONS
In order to gain insight in the physical processes involved in the experimentally observed LFF, we perform numerical simulations considering a single longitudinal-mode SRL model [28] , [38] extended with Lang-Kobayashi terms to account for the feedback [41] , [46] . In terms of the mean electric fields E cw and E ccw of the counter propagating modes CW and CCW, respectively, and the carrier number inside the laser cavity N, the rate equations arė
where the parameters are the linewidth enhancement factor α, renormalized bias current μ, field decay rate κ, carrier inversion decay rate γ , solitary laser frequency ω 0 , feedback rate η, delay time T , feedback phase ω 0 T , backscattering strength k and phase φ k , respectively. A slight asymmetry in backscattering δ k is considered, which accounts for e.g., reflections at the coupler being not perfectly the same for the CW and the CCW mode as motivated in Ref. [47] . The differential gain functions are given by
where s and c account for the phenomenological self-and cross-saturations, respectively. While parameters such as γ and κ are estimated from the cavity design and the quantum well material of the semiconductor ring lasers, the other parameters (α, the saturation coefficients and the backscattering parameters) are not measured. Nevertheless, together they determine the dynamical behaviour of the solitary semiconductor ring laser. Specifically, when raising the injection current from threshold on, the SRL first emits in a bi-directional mode, then goes in to an oscillatory regime and for higher currents it exhibits bistable uni-directional behaviour. The cascade of these regimes and the frequency of these oscillations is fixed by α, the sat- Fig. 3 , the power dropout events in the CW mode and spikes events in the CCW mode alternate in a chaotic manner. We would like to point out that simulations are performed without addition of noise. In Fig. 8 we display an enlargement of the CW output signal considering different feedback strengths (left), as well as their corresponding trajectories projected onto the space of excess carrier number N and round trip phase difference, φ cw (t) − φ cw (t − T ) (right), all for a fixed pump current μ = 3.0. We note that N, as well as φ cw (t) − φ cw (t − T ) have been filtered in the same manner as the intensities. In particular, the route to initial state recovery is seen when a power dropout event occurs. For η = 30 ns −1 , the initial amplitude of the signal is recovered through a train of pulses [ Fig. 8(a) ]. In this case, the phase space diagram looks closed [ Fig. 8(b) ]. It is seen that during the power buildup process, the system exhibits a chaotic itinerancy between attractor ruins with a drift towards the maximum gain mode. When increasing to η = 40 ns −1 , the dropout events in the CW mode become deeper and the initial state is recovered randomly either by a train of pulses as in Fig. 8(a) or by steps [ Fig. 8(c) ]. For further insight, we separately plot in Fig. 8(d) the trajectories for the times between 0 and 1.5 μs (black) and between 1.5 μs and 3.0 μs (grey, red in color) which corresponds to pulses recovery and recovery accompanied by the train of stepwise in Fig. 8(c) , respectively. Further increasing η results in larger fluctuations in the modal intensity during the initial stage of a LFF cycle. We only observe a stepwise recovery in these cases. [ Fig. 8(e) ]. This case shows a completely open diagram in phase space [ Fig. 8(f) ]. In all the cases, the dynamics in the phase space do not repeat precisely from cycle to cycle due to the fact that the trajectories may visit different modes, and may collide with one of several nearby saddles. In fact, LFFs are a typical feature of the saddle node instability present in a nonlinear system. When the laser oscillates single mode or multimode, the fixed points fall into an ellipse composed by the so-called external cavity modes [16] . The dominant external cavity mode is the fixed point with the lowest carrier density or narrowest linewidth [48] . When the system is exhibiting LFF, the laser can hop to other existing points due to the unstable saddle node instability generated by the feedback [16] . Furthermore, Fig. 8 shows that by increasing the feedback strength the LFFs occur with a longer temporal separation.
In Fig. 9 , we study the dependence of the dynamics on the pump current. We keep the feedback strength fixed to η = 30 ns −1 , while varying the pump current in the range μ ∈ [1.28 − 2]. For different values of the pump current, we find that as predicted from experimental results (see Figure 6 ) by increasing the pumping current, dropouts or spikes become more frequent.
Finally, we will try to capture the noise induced hopping between the CCW and CW mode as observed experimentally in Fig. 5(b) . We add to Eq. (1) and (2) white noise terms F cw andF ccw , respectively, described by the correlations <F i (t )F j (t) >= 2β Nδ i j δ(t − t ), where i, j ∈ {cw, ccw} and β is the noise strength. To observe the hopping, a careful balance is required between a slight asymmetry in the backscattering and a rather low feedback strength. We fix the backscattering asymmetry δk = 0.2. In this case, for zero feedback strength, the SRL will have a strong preference to lase in the CCW mode as also observed experimentally in Fig. 5(a) . The optical feedback (which is only in the CW mode) can cancel this preference, ensuring that it is equally likely to lase in one or the other mode. In fact, depending on the backscatter strength k, its phase φ k and its asymmetry δ k , the feedback strength η and its phase ω 0 T , several bistable and multistable scenarios can be found. The study of these scenarios lies outside of the scope of this paper. In Fig. 10(a) , it is clear that in this case the SRL can hop between the CCW mode (low power) and the CW mode (high power). A solitary SRL with a slightly broken symmetry in the backscattering is known to exhibit noise induced excitability (see e.g., Ref. [39] ). Here, with feedback, these short noisy excursions can also be observed when the SRL is lasing in the CW mode [in Fig. 10(a) ]. Interestingly, while emitting in the CCW mode and effectively experiencing no feedback, the SRL exhibits no excitable excursions to the other mode. As such the excitability is induced by the optical feedback. As the noise itself can alter the feedback dynamics, we have added numerical results for stronger feedback levels where the LFF are already developing [see Fig. 10(b) ]. These numerical results clearly resemble the experimental results of Fig. 5(c) . We would like to note that the backscattering and any backscattering asymmetry will only play a significant role in the dynamical behaviour of SRLs with delayed feedback at low feedback levels.
VI. CONCLUSION
In this paper we have presented experimental and numerical investigations of the dynamical behavior of a semiconductor ring lasers subject to self-optical feedback. In particular, we have investigated the appearance and the parameter dependence of LFFs in these SRLs with a preferential propagation direction of the feedback light. We observed that the system is very sensitive to feedback strength and the injection current. In particular, the power dropouts become less frequent when the feedback strength is increased or the pump current is decreased. In addition, we find two different recovery processes after the LFF power dropouts. The recovery can either occur via pulses or in a stepwise manner. Since LFFs are not specific to SRL, we expect these recovery processes to appear also in VCSELs and edge-emitting lasers under similar feedback conditions as the ones studied here. The numerical simulations also capture these different behaviors, where the representation in the phase space of the carriers versus the round trip phase difference gives additional insight into these phenomena.
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